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This article was written in response to the question of Skornyakov 
[6, p. 1671: “Can every element of a regular ring with unit element be 
represented as a sum of elements having inverses ?” We say that a ring 
vvith this property is generated by its units and discuss such rings generally 
in the first section. We then discuss when Artinian, perfect, and semiperfect 
rings are generated by their units arguing directly from the Wedderburn 
theorem. In the next section the familiar examples of regular rings (matrix, 
commutative, and self-injective ones) are seen to be generated by their 
units if they satisfy a generalization of the condition that 2 be a unit. It 
follows from work of Utumi that any regular ring satisfying this condition 
can be embedded into a regular ring that is generated by its units. We close 
with some questions and comments. By ring is meant ring with identity 
and terminology is that of Lambek [4]. 
PRELIMINARIES 
Let R be a ring and let U(R) denote the set of elements of R which can 
be written as the sum of a finite number of units of R. U(R) is a subring 
of R and it is the smallest subring of R, that contains the group of units 
of R. We call a ring R an S-ring if O(R) = R and say that R is generated 
by its units. The ring of integers is an S-ring, and so is any local ring, in 
particular any division ring. If  X is a completely regular Hausdorff space 
then C(X), the ring of real valued continuous functions on X, is also an 
S-ring, for if f(x) E C(X), thenf(.z) = [(f(x) v  0) + l] + [(f(;v) A 0) - lj 
the sum of functions which are in C(X) [2, p. 11], and which are units 
[2, p. 151. The same argument shows that C*(X) the ring of bounded 
functions in C(X), and Q(X) their common full ring of quotients are S-rings. 
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Thus, there are many examples of S-rings in ring theory. In the sense of 
[5, p. 1281, the category of S-rings is a reflective subcategory of the category 
of rings with reflection functor U. 
The following elementary results on S-rings are immediate. 
LEMMA 1. Let A be a ring, let G be a group and let R be the group ring 
dejined by A and G. Then R is an S-ring if and only if A is an S-ring. 
Proof. I f  A is an S-ring so is R-look at a typical element of R and use 
the fact that the elements of G are units in R. Suppose that R is an S-ring. 
By [4, p. 153, Lemma 11 A is a homomorphic image of R with kernel wG. 
This completes the proof since a homomorphic image of an S-ring is an 
S-ring. 
LEMMA 2. Let R be a ring and let I be an ideal of R contained in Rad R. 
Then R is an S-ring ;f R/I is. 
Proof. Units can be lifted modulo I, and each element of I is the sum 
of two units of R. 
LEMMA 3. Let R be a ring. Then Rad R C Rad U(R). 
Proof. Let j E Rad R. Then j E U(R) and 1 -jr is right invertible 
for all r E R, in particular for all 1’ E U(R), so j E Rad U(R). 
COROLLARY 4. Let R be commutative. Then 
Rad U(R) = Rad R C Rad R C Rad U(R). 
In particular, if R is an integral extension of U(R), then Rad R = Rad U(R). 
Proof. The first statement is immediate. For the second it suffices 
to show that Rad U(R) C Rad(R). Let j E Rad U(R) and let M be a maximal 
ideal of R. By [l 1, p. 259, 21 M n U(R) is maximal in U(R) so j E M. Thus, 
j E Rad(R). The case where R is a Boolean ring with more than two elements 
shows that R can be integral over U(R). 
We will call a ring R an even S-ring if each element of R can be written 
as the sum of an even number of units of R. The two-element field is an 
S-ring that is not even. 
LEMMA 5. (a) In an even S-ring, zero can be written as the sum of an 
odd number of units. 
(b) If R is an S-ring that contains a unit ?I such that u + 1 is a unit, 
then R is an even S-ring. 
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(c) A jinite product of even S-rings is an eaen S-ring. 
(d) If R is any ring, then R, is an even S-ring for aEl n > 1. 
(e) IJ* R is an even S-ring, and S is an S-ring, then R @I S is an S-r&g. 
Proof. (a) and (b) are straightforward. 
(c) It suffices to consider the product R, @I R, and to show the result for 
(P, 0) where I’ E R, . Write Y as a sum of evenly many units F = z&r + L.. + in, . 
Then (:-, 0) = (ul , 1) + (~a , -1) + ... + (z,, , -1). 
(d) Let 1’ E R. Because the elementary matrices are units, it suffices 
to show that the n x n matrix with entry r in position one-one and 
zeroes elsewhere can be written as the sum of an even number of units. 
I f  n = 2 one has 
a sum of two units, and this can be extended to higher orders by at each 
stage adding a new row and column to each matrix on the right with all 
new entries equal to 0 except those in the lower right position which shall 
equal 1 and - 1. 
(e) For elements of the form (r, 0) argue as in part (c). For elements 
of the form (0, s) use the fact that the zero of R can be written as the sum 
of oddly many units if necessary. Since a homomorphic image of an even 
S-ring is an even S-ring, one cannot hope to strengthen this result. 
The centre of an S-ring need not be an S-ring. For by the above lemma, 
the ring which is a direct product of two copies of the ring of 2 x 2 matrices 
over the two-element field is an S-ring, while its centre is not. It is also 
easy to see that the property of being a (regular) S-ring is not Morita 
invariant. 
PROPOSITION 6. Let R be completeb reducible. Then R is QM S-ring ;r’ 
and only [f  the two-element field occurs at most once in the decomposition of R 
into completely reducible simple rings. R is an et!en S-ring (f and only if this 
field does not occur at all. 
P~ooj. I f  the two-element field occurs more than once, then R has an 
epimorphic image that is not an S-ring. The rest follows by Lemma S(c) 
and (d). 
COROLLARY 7. Let R be left or right perfect, ill particular left or right 
Artinian. Then R is an (even) S-ring, if and only if the two-element $eld occurs 
(never) at most once in the l’edderburn represent&on of R/Rad X. 
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Proof. Each element of the Jacobson radical of a ring can be written 
as the sum of two units. 
REGULAR RINGS 
A ring R is Boolean if x = x2 for each x E R. In a Boolean ring 1 + 1 = 0 
and 0 and 1 are the only elements which can be written as sums of units. 
Thus there are regular rings which are not S-rings. Throughout this section 
we assume that the regular rings discussed have the property that any 
idempotent element can be written as the sum of two units. This occurs 
if the ring contains a unit u with the property that u commutes with all 
idempotents and u + 1 is also a unit in the ring-in particular, if 2 is a 
unit in the ring. It is clear that this property is inherited under ring homo- 
morphism and that any S-ring with this property is an even S-ring 
(Lemma 5(b)). I f  R is regular then R, is well known to be regular and by 
Lemma 5(d) it is an S-ring. 
PROPOSITION 8. (a) If R is strongly regular, in particular if R is com- 
mutative regular, then every element of R can be written as the sum of 2 units. 
(b) Every element of R can be written as the sum of four units if given 
x E R thme exists y  E R such that x = xyx and xxy = yxx. 
Proof. (a) R is strongly regular [3] if given x E R there exists y  E R 
such that .x = xay, and this is equivalent to the assertion that given x there 
is a y  E R such that x = xyx and xy = yx. Let z = yxy. Then xxz = x, 
xzx = x, and xx = xx. Let u = x + 1 - xz, v  = z + I - xx, and 
e = xx. Then uv = VU = 1, e = e2 and x = eu, which is a sum of two 
units. 
(b) Let x1 = xcy and xa = x - x1 . Then xryxr = xi and x1 y  = yxr 
so xr can be written as the sum of two units by part (a). Also xa2 = 0 so 
x, can be written as the sum of two units because any nilpotent element can. 
Remark 9. From the above argument it is clear that x is a sum of units 
provided that x”y is. 
COROLLARY 10. If R is a commutative II-regular ring then every element 
of R can be written as a sum of four units. 
Proof. By [7, p. 385, 5.6(c)], R/Rad R is regular. 
PROPOSITION 11. If  R is a left (right) self-injective regular qing then R 
is an men S-ring. 
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Proof. By [9, 3.21 R s A @ B, where A and B are ideals of R such 
that A is strongly regular and B is an S-ring. By Proposition 8(a), A is an 
S-ring and since -4 and B are even S-rings, R is as well by Lemma 5(c), 
COROLLARY 12. If R is a regular ring then R can be embedded into a 
regular S-&g. 
Proof. The right singular ideal of R is easily verified to be zero, so 
the complete ring of right quotients of R is a regular right self-injective 
ring [4: pp. 106-1071. 
QUESTIONS AND COMMENTS 
1. If  R is a (regular) S-ring and if e is an idempotent of R must eRe 
be a (regular) S-ring ? By [IO, p. 771 R e e is regular if R is. An affirmative 
answer to this question would dispose of those regular rings which arise 
as endomorphism rings of finitely generated projectives over regular S-rings. 
We have the following partial result. 
PROPOSITION 13. Let R be a regular Ieft (right) se$%jective ring iz da’& 
2 is a writ and let P, be a jinitely generated projecti,ue Fight R-module. Then 
End(P) is a regular S-ring. 
PF’OOf. 2 is a unit in End(P) and End(P) = e&e for some natural number 
n and some idempotent e of R,z . R, is regular left (right) self-injective 
by the Morita theorems and, therefore, eR,e is left (right) self-injective by 
[ 1, Theorem 11. Now apply Proposition 11. 
2, I f  R is a regular S-ring and I is an ideal of R, then is End(l) an S-ring I 
I am indebted to R. Wiegand for indicating that E&(d) is a regular ring, 
3. What ring theoretic properties are preserved by U ? If R is strongly 
regular, then U(R) is strongly regular because the quasi-inverse of an element 
can be chosen to be a unit as in the commutative case-cf. [4, p. 361. In 
gerieral if R is regular, must U(R) be regular ? If  R is completely reducible 
then by Proposition 6 R g R, 31 B where A, is an even S-ring and B 
Is a Boolean ring. If  lB is the identity of B then the units of R are of the 
form (21, lB), zl a unit of RI and U(R) s R, 0 (0, i}, a completeiy reducible 
ring. It is easy to check that for any ring R, U(R/Rad Rj = U(Rj/Raci R 
and since Rad R C Rad C!(R) this means that Rad R = Rad U(R) provided 
U(R/Rad R) has Jacobson radical equal to zero. Thus, Rad R = Rad 5((R) 
if R/Rad R is completely reducible, and it follows that U preserves the 
property of being semi?erfect, left or right perfect, or the property that 
RlRad R is completely reducible and Rad R is nilpotent. 
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4. It is noteworthy that wherever one is able to show that a regular 
ring is an S-ring, there is a bound on the number of units required to 
represent the elements of the ring. (In the self-injective case one must 
examine the proofs of [S, Lemma 5 and Theorem 21 to see that a bound 
is available.) In fact if D is a division ring other than the two-element field, 
then any element of D, can be written as a sum of two units because if 
AED,, one has A = PBQ where P and Q are products of elementary 
matrices and B is diagonal with entries equal to 0 or 1. B is idempotent 
and D contains a unit u such that zc + 1 is a unit so A is the sum of two 
invertible matrices. Thus for the most interesting regular rings the bound 
of 2 is available. In fact if every regular ring is an S-ring, then there is a 
natural number N which bounds the number of units needed to represent 
elements as one ranges over all regular S-rings. For if not one can find 
an unbounded sequence {ni} of natural numbers, a family {&} of regular 
S-rings, such that for each i there exists ri E R, such that yi cannot be written 
as the sum of less than 7zili units in RR, . If R = IlRi , then R is a regular 
ring and R contains the element r whose ith component equals ri . Because 
(7z.J is unbounded T cannot be written as a sum of units in R. 2 is an example 
of an S-ring for which no such bound exists. 
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